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dte + u-\/6+\Df6 = 

with divM ^ and < /? < a < 1. When <q;<1, 1-Q!</3< /(a), where /(a) 

is an explicit function as a technical bound, we prove global well-posedness results for 
[ rough initial data. 
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1 Introduction 

The 2D generahzed Boussinesq systems are of the forms 

' dtu + u-Vu + Vp + iy\D\°'u = 062, {t,x) G IR+ x 

' ' (1.1) 

divu = 

where i/ > 0, k > 0, (a, /3) E [0, 2f and \D\'^ is defined via the Fourier transform 

•^(i^r/)(e) = WHm)- 

These systems are simple models widely used in the modeling of the oceanic and atmospheric 
motions (see e.g. [16]). Here, the divergence- free vector field u = (n^, u^) denotes the velocity, 
scalar functions 0, p denote the temperature and the pressure respectively, the absolute 
constants k can be seen as the inverse of Reynolds numbers. The term 6e2 in the velocity 
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equation, with 62 the canonical vector (0, 1), models the effect of gravity on the fluid motion. 
If 9^ = 0, the systems are reduced to the 2D generalized Navier-Stokes(Euler) equations. 
Clearly, due to the maximum principle for the vorticity and the B-K-M criterion in [2], 
smooth solutions of these two-dimensional systems are global in time. 

Prom a mathematical view, the fully viscous model with z^>0, K>0,a = /5 = 2 
is the simplest one to study. It acts very similar to the 2D Navier-Stokes equation and 
similar global results can be achieved. On the other hand, the most difficult one for the 
mathematical study is the inviscid model, that is when u = k = 0. Up to now, only local 
existence results can be proven. 

Here we focus on the cases where the dissipation effect in the velocity equation plays a 
dominant role. The most typical models are those with the diffusion effect in the tempera- 
ture equation neglected (k = 0, i/ > 0), and there have been some recent important works 
on these Boussinesq systems. For the case with the full viscosity, i.e. when a = 2, global 
well-posedness results can be established in various functional spaces. In [3], Chae proved 
that for large initial data {u^,6^) E H'^ x with s > 2 the system is global well-posed. 
See also |13j . Later on, Hmidi-Keraani in [10] showed global well-posedness for less regu- 
lar data {u^,6^) G H'^ x H'^ with s > 0. In [8], Danchin-Paicu proved the unconditional 
uniqueness in the energy space x L^. For the case with weaker dissipation, i.e. when 
1 < a < 2, the problem is also solvable. When a 2[, as in [lOj through taking advantage 
of the maximal regularity estimates for the semi-group e"*''^'", one can prove the global 
well-posedness. For the subtle critical case a = 1, Hmidi-Keraani- Rousset in [11] proved 
the global result for the rough data through exploiting the new structural properties of the 
system solved by vorticity uj and temperature 6. 

One natural problem is how to establish the global well-posedness for the problem (II. ip 
when we further weaken the dissipation effect in the velocity equation to the a < 1 case. It 
seems that introducing the diffusion effect in the temperature equation (k > 0) is necessary 
and meanwhile f3 should satisfy /3 > 1 — a. In fact, we have a rough observation from 
the coupling system of temperature and vorticity to, where u! is defined by u; := cur In = 
diu^ — d2v}- The coupling system writes 



To get the key uniform estimates on the smoothing effect from the dissipation term 
should at least roughly compensate the loss of one derivative in 9 in the vorticity equation 
with the help of the diffusion effect in the temperature equation, from which (3 derivative 
in 6 is gained. Hence a + [3 > 1 is needed. This is also the sense in which the case 
{a = 1, > 0, K = 0} is called as a critical case. 

Our goal in this paper is to understand the coupling effects between the dissipative 
terms which come both in the velocity equation and the temperature equation, and their 
effects on the global existence, see Figure I. For brevity, we always set v = k = \ vn. the 
sequel. We will modify the elegant argument introduced in [11] and [12] to study the the 
global well-posedness of (jl.lj) with < /3 < a < 1. More precisely, our main result is the 
following 



Theorem 1.1. Let (a, /5) G H := ] 1 [ x ] 1 - a, min{^±|^a - 2, ^|f^, 2 - 2a]] (for 



n see Figure 1 in the sequel), 9^ G ° n ° and be a divergence- free vector field 
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belonging to n W^'P with p g] , oo[. Then the system (ll.ip has a unique global 

solution {u,9) such that for every a G [1, ^_^2/p [' 

Remark 1.1. Note that the case {i^ = K; = l,a = l,/3 = 0} shares almost the same nature 
with the partially inviscid case {v = 1, n = 0,a = 1} studied in [11], and the same method 
can be applied only by treating the damping term 9 in the temperature equation as a 
harmless forcing term. Our results are motivated by this additional point and generalize 
the critical limiting case to the perturbed cases. This point is also the reason why the upper 
bound of P occurs. 

The main idea in the proof of Theorem 1 1.1 1 is to use the internal structures of the system 
solved by {uj,6), which is analogous to [HI [12]. To get a first glance, we will neglect the 
nonlinear term here, then the coupling system of (a;, 9) reduces to 

dtLo + \D\''Lo = di9, dt9+\Df9 = 0. 

Thus 

dtuj + - \D\^''di9) = 0, dt9 + \D\'^9 = 0. 

Set ■■= |-Dr°9i, then 

dt{ij - Ra9) + |Dr(w - Ra9) = \Df-''di9, dt9 + \Df9 = 0. 

If roughly a ~ 1, /? ~ 0, the forcing term \D\^^~'^di9 has much less loss of derivative than 
term di9 and indeed we have some good estimates on uj — Ra9. These estimates will strongly 
help to obtain the needful estimates on uj. 

To prove Theorem 11.11 we shall study the new equation to get a priori estimates on 
UJ — Ra9 and then return to obtain crucial a priori estimates on lo. During this process, 
some technical difficulty will be encountered. The first one is to estimate the commutator 
[Ra,u ■ V] which naturally turns up when the nonlinear term is taken into account; another 
one is to obtain estimates on u> from estimates on a; — Ra9 (since in contrast with the Riesz 
transform, Ra is not L^-bounded and roughly contains positive derivative of 1 — a power). 
We shall treat such commutator estimates in Section 3 and yet we shall sufficiently use 
the smooth effect (Proposition 12. 3p of the temperature equation to overcome the another 
difficulty. 

The paper is organized as follows. Section 2 is devoted to present some preparatory 
results on Besov spaces. Some estimates about linear transport-diffusion equation are also 
given. In Section 3, commutator estimates involving R^ are studied. Section 4 is the main 
part dedicated to the proof of Theorem 11.11 Finally, some technical lemmas are shown in 
Section 5. 

2 Priliminaries 

2.1 Notations 

Throughout this paper the following notations will be used. 

• The notion X < Y means that there exist a positive harmless constant C such that 
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X < CY. X means that both X <Y andY <X aie satisfied. 

• 5 denotes the Schwartz class, S' the space of tempered distributions, S' /V the quotient 
space of tempered distributions which modulo polynomials. 

• We use J-"/ or / to denote the Fourier transform of a tempered distribution /. 

• For any pair of operators A and B on some Banach space X, the commutator [A, B] is 
defined by AB - BA. 

• For every k G Z"*", the notion <I>fc denotes any function of the form 

= Co exp(.^ .exp (Cot) . . .), 

k times 

where Co depends on the related norms of the initial data and its value may be different 
from line to line up to some absolute constants. 

2.2 Littlewood-Paley decomposition and Besov spaces 

To define Besov space we need the following dyadic unity partition (see e.g. Choose 
two nonnegative radial functions V G C°°(]R") be supported respectively in the ball 
G M" : lel < |} and the sheh G : f < |^| < §} such that 

j>0 qeZ 

For all / G we define the nonhomogeneous Littlewood-Paley operators 

A_i/ := x{D)f; Vg G N A,/ := ^i2-'^D)f and S,f := Yl ^^f' 

-l<j<q-l 

The homogeneous Littlewood-Paley operators are defined as follows 

j<ci-l 

The paraproduct between two distributions / and g is defined by 

Tf9 := E Vi/^g5- 

Thus we have the following formal decomposition known as Bony's decomposition 

fg = Tfg + Tgf + R{f,g), 

where 

R{f,9) ■■= Yl ^if\9^ and A^ := Ag_i + Ag + A^+i. 

q>-l 

Now we introduce the definition of Besov spaces . Let (p,r) G [l,oo]^, s G M, the 
nonhomogeneous Besov space B!^^^ is defined as the set of tempered distribution / such 
that 

||/||5.^^:=||25^||A,/||^,||^, <oo, 
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The homogeneous space is the set of / G 5'(M")/'P(M") such that 



LP 



< CO. 



We point out that for all s G M, B^^ = and S| 2 = H' ■ 

Next we introduce two kinds of coupled space-time Besov spaces. The first one 
L^([0, T], Sp^), abbreviated by L^B^^., is the set of tempered distribution / such that 

■|||2«^||A,/||^,||,J^, <cx). 



The second one L^([0, T], 5^^^), abbreviated by L^B^ .^.^ is the set of tempered distribution 
/ satisfying 



T p,r 



L^LP 



2"^ ||A Jll 

Due to Minkowiski inequality, we immediately obtain 



< oo. 



L^B^^. ^ L^tB^^, ifr>p and L^t^Iv ^ ^r^p,r, if Q>r 

We can similarly extend to the homog eneous ones LrpBpj. and L^Bp ^. 

Berstein's inequality is fundamental in the analysis involving Besov spaces (see e.g. [1]) 

Lemma 2.1. Let B is a ball, C is a ring, < a < b < oo. Then for k G M"^, A > there 
exists a constant C > such that 

D\'f < CA^^+"(^-i) 11/11^. if supp Tf C \B, 



< 



\D\'f 



<CA'=||/||^„ ifsupprfcXC. 



2.3 Transport-diffusion Equation 



In this subsection we shall collect some useful estimates for the smooth solutions of the 
following linear transport-diffusion equation 



{TD)f, 



'dt9 + u-Ve + \Dfe = f, /3g[0,1] 

divu = 0, e\t=o = 



The estimate for (TD)^ equation is shown in [6] 

Proposition 2.2. Let u be a smooth divergence- free vector field of and 9 be a smooth 
solution of (TD)p. Then for every p £ [1, oo] we have 



Jo 

The following smoothing effect is important in the proof. 



dr. 



(2.1) 



Proposition 2.3. Let u be a smooth divergence- free vector field o/M" with vorticity lv and 
9 be a smooth solution of (TDjp. Then for every (p, q)(z [2, oo[x [1, oo] we have 

supggp}2^e ||Ag6'||^£.^j, <g^p \\9^\\^p + ||6'°||ioo IklLiLp + II/IIlilp • 
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Remark 2.1. For g = 1, (3 = 1 and / = 0, the result has appeared in [T2]. Here with 
necessary modifications, this generahzed case can be treated in a similar way. 

We also have the classical regularization effects as follows (see e.g. [15 \ [9]). 

Proposition 2.4. Let —1 < s < 1, gi < g, {p,r) £ [l,oo]^ and u be a divergence- free 
vector field belonging to Lj^^(R^; Lip(W^)). We consider a smooth solution 6 of the equation 
{TD)p, then there exists C > such that for each t G 

II^IL .^l<Ce^''^'\\MBs +11/11 
where U{t) := ||Vti(T)||^oo dr. Especially, if g = oo, we further have 

\\e\\z^^. <Ce^^W(ll^lB= +(i + t^-^)||/IL 
3 Modified Riesz transform and Commutators 

First we introduce a pseudo-differential operator defined by Ra ■= = \D\^^°'R, 

< a < 1, where R := is the usual Riesz transform. For convenience we call Rq, as the 
modified Riesz transform. We collect some useful properties of this operator as follows. 

Proposition 3.1. Let < a < 1, g G N, Ra ■= be the modified Riesz transform. 

(1) Letx&T^{W^). Then for every {p,s) G [I, oo\x]a- I, oo[, 

|||Z)rx(2-''|I)|)i?a|L(^p)< 2^(^+1-"). 

(2) Let C be a ring. Then there exists (j) G whose spectrum does not meet the origin 
such that 

i?„/ = 2''("+^-"),/.(2''-)*/ 
for every f with Fourier variable supported on 2^C. 

Remark 3.1. For the point (1), since \D\'x{^~'^\D\)Ra = \D\'+'^-°'xi'^~'^\D\)R, it is natu- 
rally reduced to the case treated in Proposition 3.1 of [12]. We here note that |L>|*x(l-C|)-^a 
is a convolution operator with kernel K satisfying < 1/(1 -|- for all 

X G M" . For the point (2), it can be achieved by a simple cut-off function technique. 

The following Lemma is useful in dealing with the commutator terms (see e.g. jl2j). 

Lemma 3.2. Let p G [1, oo], m > p, fh = be the dual number and f, g, h belong to the 
suitable functional spaces. Then, 

\\h*{fg)-f{h*g)\\^, < \\xh\\^^\\Vf\\L,\\g\\^^, (3.1) 

\\h*{fg)- f{h^g)\\L, < \\xh\\L,\\Vf\\L^\\g\\L,. (3.2) 

The next proposition consider the crucial commutators involving the modified Riesz 
transform Rn. 
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Proposition 3.3. Let a g]0, 1[, u he a smooth divergence-free vector field ofW^ and he a 
smooth scalar function. Then, 

(1) for every s €]0, a[ we have 

m^MnHs <s,a \\vu\\^, \\e\\^s-^ + \\u\\^, my . 

oc, J 

In particular, if u := A~^V uj is givcTi by the Biot-SdUdTt law dfid uj '. — P -|- R(^0, wc 
have for every s e]0, a[ 

ma,u]e\\Hs <s,a ^11^2 II^H^.-. + \\e\\^^ ||^||^^.+i-2. + ||n||^. . (3.3) 

(2) for every {s,p, r) g] — 1, a[ x [2, oo[ x [1, oo] we have 

II \Ro..u. VMbs^^^ <s,a II Vn||^, ( ||0|U^+i-. + II^IIlp ) ■ (3.4) 

Proof of Proposition (1) We here only treat the special case to get ()3.3p . First due to 
Bony's decomposition we split the commutator term into three parts 

■.= 1 + 11 + 111. 

• Estimation of I. 

Denote Iq := [Ra, Sq-iu]Aq9. Since for each g G N the Fourier transform of Iq is 
supported in a ring of size 2'^, from the point (2) of Proposition 13.11 there exists <j) £ S whose 
spectrum is away from the origin such that 

Iq = ViA^'V^r]A,^+ [0,*,5,_iA-iV^ii„0]A,^, 

where 0g(x) := 2'^^'^'^^~'^^(j){2''x). Taking advantage of Lemma 13.21 and the point (1) of 
Proposition 13.11 we obtain 



|-^g||_L2 < Ik'/'glLi 



v^^-iA-^v^r 

VSq^iA^^V^R, 



^j\Aqe\\^^ + 



iin^iil^ 



<2-^" llrll^. \\Aq9\\^^ + 2-'?-2^(i-") ll^ll^^ \\Aq9\y 

Thus we directly have 



~ ||2'''* \\'iq\\i2\\(2 

<lir||,.||^|L.-.+ 



OO.Z 



• Estimation of II. 

Denote Ilq := [Ra, Aqu]Sq^i9. As before we have 

//, = [V, A,A-lV^r]5,_l0 + AqA~^V^ Rae]Sq^i9, 
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and again using Lemma 13.21 we get 



\IIq\\L2 < \\x(t>q\\Ll 



IIVi^llroo + 



+ \\x(, 



L2 



IIVi^llj 



Thus discrete Young inequality leads to for every s < a 
||/I||^.«||2«^||//,||^,||,, 



< liri 



L2 W^Wb' 



Il°° Ir II_h'=+i-2'' 



• Estimation of III. 

We divide the term into three parts 

III = RaiAguAgO) + AguiRaAgO) + [Ro,, A^iu]A_ie 

g>0 g>0 
■.= 111^+111^ + 111^. 



From direct computations we have 



Age 



9>i-4,g>o 

< 2^'(^+^-") Yl (2-^ II A,r||^, + 2-'^" ||A,e||^,) 

9>i-4 



Ag0 



Thus discrete Young inequality (needing s + 1 — a > 0) yields 

\\iii'\\^. <s,a l|r||^.||0||5.-.+ 



RaAgi 



^ ^ Il°° ir iih^+i-zc, . 
For by using the point (1) of Proposition 13.11 we obtain 

2^-^||A,-m2||^,<2^-^ Y 

'7>i-4,g>0 

<2^-^ Y (2-''||A,r||^, + 2-''"||A,e||^02'^'""^ 



AgO 



A. 



L2 



9>i-4 

Using convolution inequality (needing s > 0) again we have 

7-21 



Vii'Whs <s,a liriL^lieil^.-. 



+ 



Il°° Ir 11/^^+1-2" • 



For II fi, since Ajlll^ = for every j > 3, then from Bernstein inequality and Calderon- 
Zygmund theorem we immediately have 

[i?«,A_i7x]A_ie 

<l|A-in||^,(: 
<hllL2 11011,^2 



l///^ll < 



L2 



L2 



+ 



L2' 



This concludes the estimate 

(2) Once again using Bony's decomposition yields 

[R^,u ■ V]e = Y,[Ra, Vi^ • V]A,e + Y,[Ra. Agu • V] Vi^ + t^"' ^-^^ ' ^]^«^ 
:= I + II + III. 

For I, since for every g' G N the Fourier transform of Sq-iuAqO is supported in a ring of size 
2'^, then from the point (2) of Proposition 13. II and Lemma 13.21 we have for every j > —1 

l|A,I||^, < Yl ll[V'Vi^-V]A,0||^, 

k-il<4 

k-j|<4 

< c,2"^-^ llVnll^, 11^115^+-'^ > 
where 4>q{x) := 2'^(""''^~")(;/)(2'?x) with G 5 and (cj)j>„i with ||cj||^r = 1. Thus we obtain 

IIIIIbI,. < llVnlli, ■ 
For II, as above we have for every s < a and j > —1 

Agn-V]5,_i0||^, 

k-il<4,geN 
< 2-'?°||V^||^,||VVi^IIloo 



k-il<4 

^ l|Vti||iP ^ 2-9* ^ 2('''-'')("-^)2«'('*+^-") ||A, 
k-il<4 '?'<9-2 

< c,2-^-^ iiv^ii^, \\e\u 



with (cj)j>_i satisfying ||cj||^r = 1- Thus 



IIIIIbi,, < llVt^lliP ll^ll 



For III, we further write 



III = dw[Ra, AqUjAqO + [^^Ra, A.iu'jA.iO := III^ + itf. 

For every s > —1, we treat the term lll^ as follows 

||AjIII^||^p < ^ ^^AjdivRaiAquAgO) ^ | Ajdiv(Ag'ui?„A 



g>j-4,g>0 



g>j-4,g>0 
9>i-4 

< c,2"^-^ llVnll^, , 



LP 



AqO 



with (cj)j>_i satisfying ||cj||^r = 1- Thus 



|nil^. < livnii^, ll^ll^^+i-. . 
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For the second term, from the spectral property, there exist x' G ^(M") such that 

Uf = [diRaX'{D),A^iu']A^ie. 
The Proposition 13 ■ 1 1 shows that diRa^{D) is a convolution operator with kernel h' satisfying 

< C(l + |x|)-"-2+", VxGR". 

Thus from the fact that Ajlll^ = for every j > 3 and by applying Lemma 13.21 with 
m = p > 2, we have 



Ilr < 



[/iV, A_ln]A_l^ 



LP 



<||x/i'||^,||VA_i 



< IIV^ 



I LP Ir liLP • 



LP 



A_ie 



LP 



This ends the proof of estimate (13. 4p . 



4 Proof of Theorem 11.11 



□ 



4.1 A priori estimates 

Proposition 4.1. Lei he a solution of the Boussinesq-Navier-Stokes system (jl.ip 

siic/i i/iai 6*°) G x L^. T/ien /or ewery t G R+ 



LfH^ 



L2 



Besides if 6^ G /or some p G [1, oo], we further have 



mt)\\LP < 11^1 



LP 



Proof of Proposition \4-l\ The estimate for is a direct consequence of Proposition [ 
For the estimate of 6, by taking a L^-inner product with 9 in the temperature equation 
we have 



L2 



+ \m)\t&=o. 



ld_ 

Thus integrating in time leads to the desired estimate. For the estimate of u, from the 
standard energy estimate, we get 



~\Ht)\\h + \\umh<MmL-mt)h^. 



Thus we obtain 



lL2 



+ 



T)||i2dr < ||n 



01 



lL2 



IL2 



t. 
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Putting this inequality in the previous one yields 

^ •• '■-"'i I ll„,^+M|2 ^ ||/iO| 



2^ ii^wiiz^ + \Ht)\\l^ < PIl^ ( + t). 

Integrating in time again leads to the desired result. 

□ 

Proposition 4.2. Let <a<l, l-a</3< min{^i|^a - 2, ^|fg, 2 - 2a}, (u,e) 

he a solution of the Boussinesq-Navier- Stokes system (jl.ip such that 6^ G H^^^ r\B^^ and 
^GH^n W^'P with p Gl^qrln, oo[. Then for every a G [1, 

IMl^b^ <Mt), (4.1) 

t CO , 1 



u 



Proof of Proposition^^ Denote T := uj — RaO. Considering the vorticity equation 

dtio + u-Vuj + \D\''u; = diO, 
and the acting of Ra on the temperature equation 

dtRa9 + u ■ VRa9 + iDfRaO = -[Ra, u • V]e, 

we directly have 

dtr + u-VT + |D|"r = [Ra,u ■ V]9 + iDfRaO. (4.2) 

To obtain the key estimate (|4.1|) with a = 1, the procedure below is that we first obtain some 
"good" estimates on F through studying the interim equation ()4.2p . and then combining 
with the estimates of 9 we return to some appropriate estimates on ui which lead to our 
target. 

• Step 1: Estimation of ||r||^c«j;^2 

From the classical energy method we get for every si G [0, ^] 



~\\m\\l^ + \\nt)\\\^ 



diY{[Ra,u]e){t,x)T{t,x)Ax+ [ \Df~''die{t,x)T{t,x)dx 

< \\[Ra,u]e{t)\\^,^^ lir(t)||^f + \\emm+P-o-s, l|r(t)||^., . 

Interpolation inequality and Young inequality yield 

iie(t)ii^i+,-.-., iir(t)ii^., < \m\\H^+^-^-n \\^m% wmC''^ 

< c ii^(t)ii^,+,_._., + c wrnwi, + \ mt)\\i. . 

Inserting this inequality into the previous one and using Young inequality again we have 

I ||r(t)||i, + wmWl^ < 2 II [Ra,um\\l,.. + 2C ||^(t)||^,+,-.-., + 2C ||r(i)||i2 . (4.3) 
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Applying Proposition 13.31 and Proposition 14. II we have for every a g]|, 1[ 



\\[R^MO{t)\\fj.-^ <\\[RaMO{t)\\H^-i 



< wmh^ ii^wLi-- + mm^.-^ mmL^ + ii^wiIl^ ii^wiIl^ 



< 



< 



wmh^ \\o{t)hoo + \m)\\ 
\\m\\L^ + \m)i 



Putting the upper estimate in (|4.3p leads to 

I lirwiii. + ||r(t)|||. < ||r(t)||i. + \m)\\l.-^ + + (i + 1'). 

Using Gronwall inequality we obtain 



WmWh + [ \\nr)\\\^ dr < Cie^^*(l + + 



a + 



|^2£fl + /3-a-si 



)■ 



If I < a < |, we choose si = ^, and for 1 — a < /? < 3a — 2, then clearly 

5a /? ^ 3a /3 

0<2 < -, 0<1 + ^ < -, 

2-2 - 2-2' 

from Proposition 14 . 1 1 and interpolation inequality we easily get 



a + 



If I < a < 1, we choose si = 2 — 2a g]0, and for 1 — a</3<2 — 2a, then 

/3 



</?- 1 + a < I 



we also get 



1^2 j^2-^ + ll^^ll ^ 1 + 



Hence for every (a, /3) S 112 := ] |, 1 [ x ] 1 — a> min{3a — 2, 2 — 2a}] we have 

mml^ + j\\nr)\\\^ dr 

• Step 2: Estimation of W^W^iy^ir for every r £ [2,r] and for some r G [2,4[ 



(4.4) 



Multiplying (|4.2p by |r|'' and integrating in the spatial variable we obtain for every 
■S2) S3 G]0, f ] (53 < S2 and both will be chosen later) 

-:|iir(t)irL.+ / \DrT\rr'mdx 

r at JiK2 

< / div[i?„,n]0|rf^-2r(t)dx+ / \Df-''die\r\'^-^T{t)dx 



<\\[Ra,um\\ jjl + l3-ci-ag 



r-2-, 



Lemma 3.3 in [14] and continuous embedding H 2 L^-q lead to 



l^rrirr-^rdx > |r|: 



> 



4 



irir 2r 
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By using Lemma |5. II in the Appendix we also find 



|rr ^r||^,^ < ||r|r J_ \\r\\^^^^^,_g^^^_^^ , i = 2,3. 



Collecting the upper estimates we have 

^\\m\\ir+c\\mr^ 

at L^-ct 

<{\\[Rc,u]e{t)\\jji-s^ l|r||^,2+(i-2)(2-c) + l|6'(i)llHi+/3-«-»3 Iir||^s3+{i-2)(2_c) ) l|r| 



r-2 

2r 



Then we choose S2 such that S2 + (l — ^)(2 — a) = %, which calls for S2 = f — (1 — ^)(2 — a) G 



2 ■ 

]0, this is plausible if a s]|frf > 1[ for r G [2, 4[. Since S3 < S2, by interpolation we have 



where S := ^(53 + (1 — ^)(2 — q)). Also noticing that if a G]|^5f > ![> we have 1 — S2 G]0, a[, 
then from the point (1) of Proposition 13.31 and estimate ()4.4p we further get 



[Ra,u\e{t)\\^^-s, < \\[Ra,u]e{t)\\j,,- 



"2 



< wmh^ mt)ho. + \\9'\\l- ii^wiih---., + {i+t) 



<$l(t) + ||0(t)||^2-2.- 

Therefore, 
d 



^2 ■ 



^J|r(t)ir2. + c||r(0li;^ 



<{Mt) + 11^(011^2-2.-., ) \\m\ri_ wmh^ + \\em^,^,.^.., iirwr-i iir(t)ii^ 

According to the following Young inequality 

IA1A2A3I <C"|Al|^+C"|A2|^ + ^|^3|^, ^G]0,1], 



we obtain 
d 



-||r(t)||i. + ||r(t)ir 

dt 



! 2r 
||6'(t)||^i+;3_„_^3 , otherwise. 

Integrating in time yields 



\\m\\ir+ riir(r)ir^dr 







L2=^ 



2^ U,{t)\\er-t , if^>2 

'■/f2 20. S2 \\\0\\'^^2fji+0-c-s3, otherwise. 



Note that we have used (j4.4p in the above deduction, thus it means {a, (3) G 112 at least. 
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Let r G [2,4[. If a g] 

5r— 4 
3r-4 



9r-12 8r- 



/? e]l - a, ffrla - 2], we have 



8r-8 ' 7r-4J' 



we choose S3 := S2 



3r-4 
2r 



a + I — 2, and for 



< 2 - 2a - S2 < 0< l + /3-a-S2 < ^TT^/?, 

Ir 2r 

from Proposition 14. II and interpolation inequahty we find 

ll^ll ^ .^^^ +11^11 ^ , , <l + t. 

If " ^Iffrf , 1[, we choose S3 := 2 - 2a < S2, then 5 = |(2 - 2a + ^(2 - a)) and for 
/? e]l — a, min{ i,^~u_,2 ' ^ ~ ^'^^l ^et 

0<P-l + a<— P, 0</3-l + a<^, 

2r 2 



thus 



I 2^ + \\0\\r2^1+f3-c.-s; <l+t. 



Note that as r S [2, 4[ increases, the scope of (a, (3) will monotonously shrink (e.g. see 
Figure 1). Hence for some r £ [2,4[, (a,/3) G 11^ := x ]l " a,min{fJ5|Q! - 

2, 4 -^~f ^ , 2 — 2a}] , and for every r E [2, r] we have 



\m\\i^+ / iir(T)ir .^dr<ci>i(t). 



(4.5) 



0.4 - 




Figure 1: when r = 2, ^±|^, 3. 



• Step 3: Estimation of W^j^Wi^^? for every r G [2,r] and /or some r G [2,4[ 

Since [3 > 1 — a, there exists a fixed constant /c > 1 such that ^ > 1 — a. From the 
explicit formula of F we have for every r E [2, r] 

||w||riL? < llrllriL? + ll-^a^llLi^e , 

t r I r , 1 

<^i{t) + t^^-^\\R^e\\i,^o . 

t r.l 
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By a high- low frequency decomposition and a continuous embedding ^ ^ri" ^^'^ 
||-Ra^||?p dO < ||A_ii?Q0||rp„g + \\{Id — A^i)9\\rp„i-a 

t r,l t r.l t 

<||A_i^||^P^, + ||(/d-A_i)e|L P 

t r,oo 

Inserting this estimate into the previous one and applying Proposition 12.31 we obtain 

1— - 

II^IIlil? < ^i(i) + Ct p\\uj\\^^r, 

^ 1 1 n 1 1 1 — 1 

where C is an absolute constant depending only on r,p and ||^ ||^tx;- If ~ 2' ^l^^i'^" 

alently, t = {^yl^''~^^ := Tq, then for every i < Tq 

Furthermore, if we evolve the system (ll.ip from the initial data {u{To),6{Tq)), then using 
the time translation invariance and the fact that ||^(7ci)||j;^f < ||^''||^f) we have for every 
t<To 

Iterating like this, we finally get for every t G IR+ 

lklliiL.<^i(t). (4.6) 

8+2^6 
5 

Set Tq := AqT for every g E N. Considering the acting of frequency localization operator 
Ag on the equation ()4.2|) we get 

dtTq + U-VTq + iDlTq = - [Aq,U ■ V]T + Aq{[R^,U ■ VjO) + Aq\Df 

■.= u 

Since Tq is real-valued, then after multiplying the upper equation by |rg|^'~^rg and inte- 
grating in the spatial variable we obtain 

rdt 



tStep 4-' Estimation of \\T\\ 2 for a £ [1, i_^2/r [ ^'^^ r = tq :— ^ 



~~rr l|rg(i)||^r + / \D\ TglTgl Tdx < \\Tqyojii^r lugvyiiLr 



Taking advantaging of the following generalized Bernstein inequality (see [5] ) 

\D\"Tq\Tq\'-^Tdx > C2'^" WTqWl^ , 



with some positive constant c independent of q, we have 

ld_ 
rdt 



^4lir,(i)lll. + c2^"l|r,(t)|ll. < WTqmi-'WfMlLr 



Thus 



|r,(t)||,„ < e-^'^'- ||rO||^, + re-(*-)2- ||/,(r)||^.dr. 

Jo 
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By taking the L'^{[0,t]) norm and by using the Young inequahty we find for every q £N 



2ii 



lUlL^Lr <2^^'-"^ ||r!;iL. + 2«(i+i-"-^) r 2''(-i) II [A„ u • V]r(r)||^„ dr 

Jo 

+ 2'?{7+i-°-f ) r 2^(°-i) \\[R^,u ■ V]e\\^r dr + 2'?(i+i+^-"-f ) || A,^||^i^, . 

Jo * 

(4.7) 

For the fourth term of the RHS, by using Proposition 12. 3|. Proposition 14.11 and estimate 
(|4.6p we get for each q £ N 



(4.8) 



For the third term of the RHS, we apply estimate (j3.4p with s = a — 1, Proposition 14. II and 
estimate (14.61) to obtain 



2«(-i) \\[R^,u- V]e{T)\\^r dr < / ||Vt.(r)||^,. ( ||0(r)||^^ + ||e(r)||^. )dr 



< 



(4.9) 



For the second term of the RHS, in view of part (1) of Lemma [5. 2 1 and the specific relation- 
ship between u and 9 we infer for every g G N 



2'?("-i)||[A„n.V]r(t)||^. <(||V^ 



b: 



a-l + \\U 



<(||r(t)||^. + ||0(t)||^. + i + t)||r(OII 2 



<<i>i(t)||r(t)|| 2 

r,l 



(4.10) 



To make the sum in the sequel summable, we need - + 1 — a — ^ <0, that is, 

(2 + r 9r- 12- 



1< cr < 



a 



l-a + 2/r' 



max ■ 



2r 8r 



< a <1, 2<r<4. 



Since for r G [2, 4[ the function monotonously decreasing and monotonously 

increasing, to obtain the largest scope of a, we have to choose r = rg := such that 

This leads to 



2+r _ 9r-12 
2r 8r-8 



(a,/3) G H 



6-^/6 



,1 



,7 + 2\/6 a(l-a) 

1 - a, mini —a - 2, ^,2 - 2a} 

5 V6-2a 



Let Q G N be a number chosen later. By gathering estimates (j4.7p - (j4.10p together we find 



|r|U 2 = y 2"^ ||r|L... + y 2"^ ||r| 



) 2 



q>Q 

I a 2 



< 2^-<i>i{t) + 2^«(f--) ||r°||^, + 2^«(f +'^~i--)($i(t) + $i(t) ||r|| ^ 



r 1 o r 



< ^>i(i)2«i + 2-«(f +"-i-?)$i(i) ||r|L 2 
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We choose Q such that 

thus we obtain for every t £ M"*" 

lirii 2 < ^i(t). 

By embedding this immediately leads to 

liriij; ^ < Mt). 

t OO ,1 

• Step 5: Estimation of 

By virtue of estimate (14.12P with £7 = 1 and continuous embedding L'^ 
all p G [2,p] we get 

< \\^\\Ll{B"^ ,nL2) + \\RaO\\LlBl^ 

Thus in a similar way as obtaining (j4.6p . we have for every p G]?'0)P] 

\Mlilp < Mt)- 
From Proposition 12.31 we naturally deduce that 

sup 2^^ ||A,^|| < 11^1^, + \\ej^^ M^.^, < cl>i(t). 

Since P > I — a and p > ^^q:^^, there exists a Pq, s]ro,p] such that /5 > 1 — a + 

t OO.l £ OO.l £ OO.l 

< a>i(t) + t ll^ll . + 2"^'-^^^^-^^ sup 2"^ II A,0|| 

<^i(t). 
This immediately yields 

\Ml]bI^^ ^ IIA-i-ull^i^^ + J]]||AgVu||^i^^ < 11^11^2 + II'^IIlibo^^ 

°°' q&N °°' 

<$l(t). 

• Step 6: Estimation of \\9\\j^oo(^fji-af^^'i--a) ||w||^oo^p 
By Proposition 12.41 and estimate (I4.13p . we directly obtain 

11011- 1 < e^"^""^^^ II0O|| 1 < e^"""^'^->i 
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For p £] Q-_)_^_i 1 oo[, in light of equation ()4.2p and Proposition 12.21 we find 



|r(t)||^, <||rO||^,+ f\\[R^,u-v]e{T)\\^,dT+ f 

Jo Jo 



D\i^R„e(T] 



For the first integral of the RHS, using estimate (j3.4p with s = yields 

V]0(r)||^, < ||[i?,,n- V]0(t)||5o 

<l|Vn(r)||^,(||e(r)||^i-c. + ||e(r)||^,) 

oo,l 

<<I>2(r)||^(T)||^,. 

For the second integral of the RHS, using Proposition 12.41 again we infer 

ft 



dr. 



LP 



[ \DfRJ 
Jo 



Hence 



\UJ 



Gronwall inequality ensures 



< imil _i_ \\nO\ 

< $2(t). 

LP LP 

<$2(t)+ / $2(r)||a;(T)||^pdr. 
Jo 

Mt)\\LP < ^3it). 



IB. 



p.i 



(4.15) 



Taking estimates ()4.15p and (j4.14p into account, we return to Step 4 ^-nd further find for 
every CTG [1, 

(4.16) 



|r|L a + lkll7<.Ri < ^3(0- 



This finally ends the proof of Proposition 14.2 



□ 



4.2 Uniqueness 

We will prove a uniqueness result for the system (jl.ip with (a, /?) G H in the following space 

Let {ui,9i)£ be two solutions of the system [LT] with initial data (^^,6*^), z = 1,2. Set 
6u := ui — U2, 59 := 6i — 62 and 5p := pi — p2- Then 

dtdu + til • V6u + |-D|"(5n + V6p = -5u ■ Vu2 + 5062 

dtse + lii • V8e + iDi'^jei = -5u ■ ve2 

{5u,5e)\t=o = (5tx°,5^0). 



18 



To estimate 6u, by means of Lemma 15.31 (and its remark) in the appendix, we choose g = 1 
for term —6u ■ Vu2 and g = oo ioic term 6062 to get for every t G [0, T] 

WHmBO <e'"'"'"'*'"-^(||'^^°Lo + t\\Sn-Vu2{T)\\^o dr + (1 + t) ||<50|| 



(4.17) 

For the integral term of the RHS, point (2) of Lemma l5.2l leads to 

\\5u ■ Vu2\\bO < ||^^|Il2 ||m2|Ib1 • 

2 , oo oc , 1 

Using the logarithmic interpolation inequality stated in Lemma 6.10 of [11] we have 
II'^^IIl^ < \\H\b!^ Me + ^r^ )log(e + pn||^i). 

Thus 

||(5n • Vu2||ro < ||n2||Bi log(e+ ||5u||^i)^(||(5u||^o ), (4.18) 

where fJ,{x) := 2;log(e + i). For the last term of the RHS of ()4.17p . by virtue of Proposition 
12.41 we have for every t E [0, T] 



1^-. + / ||<5n- V02(t)||5-. dr). (4.19) 

Taking advantage of Lemma l5.2l and the logarithmic interpolation inequality again we obtain 
\\Su ■ V6i2||„-<. < ll-^nll^a ||6'2|Ib1-^ 

(4.20) 

<\\e2\\B^-^logie + \\5u\\^,)f,{\\6u\\^o ). 

oo,l i,oo 

Denote y(t) := ||5w||ioogo . Gathering estimates (j4.17|) - (|4.20p together yields 

Y{t) < f{t){Y{0) + r ( \\u2{r)\\Bl^^ + \\02{t)\\bI-. )KY{r))dT), 
JO ' 

where f{t) is an explicit function which continuously and increasingly depends on || (n^, ^i) lly^ 
and time t. Since 



1 1 

lim / , , dr > lim logfl + log — ) = oo, 



then the classical Osgood lemma (see Theorem 5.2.1 in [3]) ensures the uniqueness. More- 
over, this lemma also shows some quantified estimates as follows 

y(0) < a{T) =^ Y{T) < b{T){Y{0)y^'^\ (4.21) 
where a,b,^ are explicit functions depending continuously on ||(uj, 0j)||-y^ and time T. 

4.3 Existence 

First we smooth the data to get the following approximate system 

'Stu^") + • Vu^") + Vp(") + = 6l(")e2, 

5t0(") + n(") • Ve(") + = 0, 

divM^") = 0, 



(4.22) 
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Since S^u^, SnO^ G for every s G M, from the classical theory of quasi-linear hyperbolic 
systems, we have the local well-posedness of the approximate system. We also have a blowup 
criterion as follows: if the quantity || Vu"||^i ^^^o is finite, the time T can be continued 

beyond. Then the a priori estimate ()4.ip with a = 1 ensures that the solution (n("), 6'('^)) 
is globally defined. Moreover, we also have for a £ [1, i_^2/p 



+ 



u 



(n) 



L5?(_H'inH/i'P) 



0(.n) 



i,5?(Hi-«nB^-;?) 



Thus there exists {u, 6) satisfying the above estimates such that {u^"'\6^^^) weakly converges 
to {u,6) up to the extraction of a subsequence. Furthermore, from (j4.2ip . if 



+ \\iSn-Sm)9^^-^ <a{T) 



then we have 



r oo oO 



+ 



T oo iD — ct 



<6(T)K,„,)^(^). 



This means that (n^"^) is of Cauchy and thus it converges strongly to u in L^i?2oo- -^y 
interpolation, we obtain the strong convergence of to u in L^([0, T] X M^). Thus 
it^") ® u^") strongly converges in L^([0,r] x M?). But due to that 0^"^ weakly converges to 
U m L2([0,r] xR2), we have u^^^O^^^ converges weakly to u6. It then suffices to pass to the 
limit in (j4.22p and we finally get that {u,9) is a solution of our original system (jl.ip . 



5 Appendix: Technical Lemmas 

Lemma 5.1. Let 7 G [2,cxd[, s g]0, 1[, a g]^5|)2[. Then for every smooth function f we 
have 

Proof of Lemma \5.1[ This result is a generalization of Lemma 6.9 in [11], and here we sketch 
the proof. In fact, by Bernstein inequality, it reduces to prove the following stronger result 

\\\fp-'f\\Hs<\\f\rl ii/b. • 

7,2 

where 7 := ^_(^^_^2){2-a) • ^ ^1'-'' ^t' characterization of i/*, 



|2 



./fljn \X\ ^ 



By using the simple inequality 



i&r'&U7i«-&i(i«r"' + i^r"')> va,6G 
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and Holder inequality we have for every a 2[ 

Ili/r2/(x + •) - i/r-^L. < \\f{x + •) - /(oiIl^ ||i/r-i^^_^ 

<ii/(^+-)-/(-)iiLdi/ir'. ■ 

From the characterization of homogeneous Besov space again we get the conclusion. 

□ 

Next we state some useful estimates in Besov framework. 

Lemma 5.2. Let u he a smooth divergence-free vector field ofW^ and f he a smooth scalar 
function. Then 

(1) for every a g]0, 1[ and p G [2, oo] 

sup 2''("-i) ||[A„n. V]/||^, <„ (||Vn||„.-i + \\u\\^,) 

q>-l ^' 



(2) for every s G [—1,0] 



Proof of Lemma \5.'A Note that point (2) is just the one in Lemma 6.10 of [TI], thus we 
only need to prove point (1). Prom Bony's decomposition we have 

li-g|<4 |j-9l<4 i>5-4 

:=Ig + II, + Illg. 

For I,;, since Ag := hq{-)-k = 2«"/i(2'?-)7tr with h G S{W), then from ([31^ we get for every 
a < 1 

li-g|<4 

^ II/IIbo^,^ II^^IIli E 2^--''2^-(^-") 2(^--^^)("-^)2'=("-i) IIAfcVull^, 

|j-q|<4 k<j-2 

< 2^(^-) llVnll^.-. 11/11^0^^^ , 

thus 

sup 2'^("-i) ||I,||^, < IIV^II 11/11^0 



g>-i 

For Ilg, we also use ()3.ip to find 



■^p,oc -^00,00 



Iii^IIlp^ E II^^^IIli II^Aj-uii^ji^j^iV/ii^^, 

|j-g|<4 

^ II^-IIb- E 2-''2^-(^-") 2^= ||A,/||, 



|j-g|<4 k<j-2 



-'-*p,oo -^00,00 
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thus 



sup 2^(°-i) ||II,||^, < llVnII 

g>-l 



BO 

-^oo oo 



For Illq, we further write 

III, = Yl [^9^^' ^J-^l^j/ + i^idi, A_iu']A_i/ := III^ + III^. 

For the first term, by direct computation we have for every a > 

j>9-4,jeN 



j>9-4,jeN 



LP 



<2g(i-a) 2('?-J')"2J'("-^) ||AjVn||^p ||Aj/ 

i>g-4jGN 
2'?(i--) llVnII 



-^oo ,00 



thus 



sup 2^(--i) ||llli||^^ ||V 



q>-l 



U\\ na-l 



For the second term, due to III^ = for every g > 3, we obtain for p > 2 



sup 2^(°-i)||lIl2|| < ||A_in||^, 

q>-l 



This concludes the proof. 



□ 



The following estimates on the linearized velocity equation is useful in the proof of the 
uniqueness part. 

Lemma 5.3. Let s g] — 1,1[, Q G [1,00] and v be a smooth divergence-free vector field of 
M". If u be a smooth solution of the linear system 

dtu + v ■Vu + \D\°'u + Vp = f, divu = 0. 

vuith a G [0, 2] and u\t=o = , then for each t G M+ we have 



\u\ 



t Z,a 



where V{t) := ||V'y(7 



IL°° 



dr. 



Remark 5.1. The proof can be done in a similar way as obtaining Proposition 4.3 in 
We also note that if / = /i + /2, one can choose different ^^i, g2 to suit /i, /2 respectively. 
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